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UNSMOOTHABLE GROUP ACTIONS ON COMPACT
ONE–MANIFOLDS
HYUNGRYUL BAIK, SANG-HYUN KIM, AND THOMAS KOBERDA
Abstract. We show that no finite index subgroup of a sufficiently complicated
mapping class group or braid group can act faithfully by C1`bv diffeomorphisms
on the circle, which generalizes a result of Farb–Franks, and which parallels a
result of Ghys and Burger–Monod concerning differentiable actions of higher rank
lattices on the circle. This answers a question of Farb, which has its roots in the
work of Nielsen. We prove this result by showing that if a right-angled Artin
group acts faithfully by C1`bv diffeomorphisms on a compact one–manifold, then
its defining graph has no subpath of length three. As a corollary, we also show
that no finite index subgroup of AutpFnq and OutpFnq for n ě 3, the Torelli group
for genus at least 3, and of each term of the Johnson filtration for genus at least 5,
can act faithfully by C1`bv diffeomorphisms on a compact one–manifold.
1. Introduction
1.1. Main results. Let S “ S g,n,b be an orientable surface of genus g, with n
marked points, and with b boundary components, and let ModpS q denote its map-
ping class group. We will write
cpS q “ 3g´ 3 ` n ` b
for the complexity of S . Throughout this paper, we let M be a compact (possibly dis-
connected) one–manifold, and we let Diff1`bv` pMq be the group of C1 orientation–
preserving diffeomorphisms of M whose first derivatives have bounded variation;
see Section 4 for a more detailed discussion. The following is a classical result of
Nielsen:
Theorem 1.1 (Nielsen [13]). If S “ S g,1,0, the group ModpS q admits a faithful
continuous action on S 1 without global fixed points.
In this article we prove the following result which shows that the action in Theo-
rem 1.1, and in fact any action at all even after taking a finite index subgroup, is not
smoothable to C1 with bounded variation.
Theorem 1.2. There exists a finite index subgroup G ă ModpS q and an injective
homomorphism from G to Diff1`bv` pMq if and only if cpS q ď 1.
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Theorem 1.2 generalizes a result of Farb–Franks [11], wherein it is shown that if
S “ S g,n,0, where g ě 3 and where n P t0, 1u, then there is no nontrivial C2 action
of ModpS q on the circle or the closed interval. As Farb and Franks remark, Ghys
established this fact independently in the case of the circle.
Note that a C2 action or a C1 action with Lipschitz derivatives on M is always
C1`bv. For a lower regularity, Parwani [31] proves that every C1 mapping class
group action on the circle is trivial if the genus of S is at least six.
We say a group H embeds into another group G if there exists an injective homo-
morphism from H into G, and H virtually embeds into G if a finite index subgroup
of H embeds into G. Theorem 1.2 has the following immediate corollary:
Corollary 1.3. The n–strand braid group Bn virtually embeds into Diff1`bv` pMq if
and only if n ď 3.
Previous results about the non–existence of smooth mapping class group actions
on one–manifolds used particular relations which hold in mapping class groups,
especially braid relations. The difficulty with generalizing such arguments is that
most relations other than commutation/non–commutation of elements do not persist
in finite index subgroups.
We are able to establish Theorem 1.2 by exhibiting a right-angled Artin group
which cannot act faithfully by C1`bv diffeomorphisms on a compact one–manifold.
Recall that if Γ is a finite simplicial graph with the vertex set VpΓq and the edge set
EpΓq, the right-angled Artin group ApΓq is the finitely presented group
ApΓq “ xVpΓq | rvi, v js “ 1 if and only if tvi, v ju P EpΓqy.
We let Pn denote the path on n vertices (see Figure 2).
The core of the paper is in proving the following result:
Theorem 1.4. The group ApP4q does not virtually embed into Diff1`bv` pMq.
Note that Theorem 1.4 provides a (relatively simple) purely algebraic obstruc-
tion for a group to act faithfully on a compact one-manifold by C1`bv diffeomor-
phisms. Whereas the regularity assumption in Theorem 1.4 may appear artificial at
first glance, it is actually optimal; in particular, it cannot be weakened to C1. See
Theorem 1.9 below.
Recall that a graph Λ is an induced subgraph of a graph Γ if VpΛq Ă VpΓq, and
whenever v1, v2 P VpΛq span an edge of Γ, they also span an edge of Λ. A graph Γ
is called P4–free if no induced subgraph of Γ is isomorphic to P4.
Corollary 1.5. Suppose that ApΓq embeds in Diff1`bv` pMq. Then Γ is P4–free.
There are two main steps in the proof of Theorem 1.4. The first step is finding
a certain configuration of infinitely many intervals in the supports of the generators
of ApP4q. This step constitutes most of the original content of this paper, and builds
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on the classical results in one–dimensional dynamics described in Section 4. The
results of Section 5 give a detailed description of right-angled Artin group actions
on one–dimensional manifolds. Labeling the vertices of P4 as shown in Figure 2,
we prove the following proposition in Section 5, which is crucial for the proof of
Theorem 1.4:
Proposition 1.6. Suppose M is connected. If there is a faithful representation
φ : ApP4q Ñ Diff1`bv` pMq such that Fix φpvq ‰ ∅ for each v P VpP4q, then there
exist collections of infinitely many intervals
tI ja : j ě 1u Ď pi0psuppφpaqq and tI jd : j ě 1u Ď pi0psuppφpdqq
such that the following two conditions hold:
(i) I jv ‰ Ikv whenever v P ta, du and j ‰ k.
(ii) For each j, we have I ja ‰ I jd and φpcbqI ja X I jd ‰ ∅.
In Proposition 1.6 above and in what follows, pi0 denotes the set of connected
components.
The second step of the proof of Theorem 1.4 consists of derivative estimates of
the diffeomorphisms tφpvq | v P VpP4qu; see Section 6.
In the last section, we will give a generalization of Theorem 1.2 to finitely gen-
erated groups quasi–isometric to mapping class groups.
1.2. Notes and references.
1.2.1. Higher rank phenomena for mapping class groups. Theorem 1.2 is an ex-
ample of a higher rank phenomenon for mapping class groups. The reader may
compare Theorem 1.2 to the following result of Ghys [14] and Burger–Monod [4],
which built on work of Witte [34]:
Theorem 1.7. Let G be a lattice in a simple Lie group of higher rank. Then every
continuous action of G on the circle has a finite orbit, and every C1 action of G on
the circle factors through a finite group.
Lattices in higher rank simple Lie groups have Kazhdan’s property (T). Navas [27]
proved the following non-smoothability result for all countable groups with prop-
erty (T). Here, we use the terminology C1`τ diffeomorphism for a C1 diffeomor-
phism whose first derivative is Ho¨lder continuous of exponent τ ą 0:
Theorem 1.8. Let G be a countable group with property (T) and τ ą 1{2. Then
every C1`τ action of G on the circle factors through a finite group.
Navas refined Theorem 1.8 to groups with relative property (T) in [28], and pro-
duced a finitely generated, locally indicable group with no faithful differentiable
action on the interval in [29]. In those papers, as in the present one, the main sub-
tleties arise from differentiability.
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Braid groups and mapping class groups of genus two surfaces (virtually) ad-
mit nontrivial homomorphisms to Z, so that these groups do admit (non–faithful)
actions on the circle without a global fixed point, which can even be taken to be
analytic.
In this context, Theorem 1.2 can be viewed as a generalization of known re-
sults to “lattices in mapping class groups”, i.e. finite index subgroups of mapping
class groups. The reader may note that Theorem 1.2 resolves a question posed by
Labourie in his 2002 ICM talk, as well as by Farb (see page 47 of [10]).
For C1 actions, we can contrast Theorem 1.4 with the following result of Farb–
Franks [12, Theorem 1.6]:
Theorem 1.9. If X be a connected one–manifold, then every finitely generated
residually torsion–free nilpotent group embeds into the orientation–preserving C1
diffeomorphism group of X.
In particular, right-angled Artin groups, pure braid groups, and Torelli groups
of surfaces all admit faithful C1 actions on the circle. In particular, Theorem 1.4
cannot be weakened to cover C1 actions of right-angled Artin groups. In light of
Parwani’s Theorem [31], one may ask the following:
Question 1. Let S be a surface with genus at least two. Does ModpS q virtually
admit a faithful C1 action on a compact one–manifold?
Ivanov conjectured that every finite index subgroup of a higher genus mapping
class group has finite abelianization [20]. Parwani [31, Conjecture 1.6] noted that
Ivanov’s conjecture anticipates a negative answer to Question 1 when the genus is
at least four.
1.2.2. Other group actions. Theorem 1.4 shows that a group which contains ApP4q
cannot act by C1`bv diffeomorphisms on the circle. There are many groups which
contain ApP4q, including many subgroups of mapping class groups which do not
have finite indices.
We recall the following: let AutpFnq and OutpFnq denote the automorphism
and the outer automorphism groups of the free group Fn on n generators. The
Torelli group I pS q of S is defined to be the kernel of the standard representation
ModpS q Ñ AutpH1pS ,Zqq. When S has a distinguished marked point, one can
write JkpS q for the kth term of the Johnson filtration, i.e. JkpS q is the kernel of
the natural action of ModpS q on the kth universal nilpotent quotient Gk of pi1pS q.
In other words, we set γ1ppi1pS qq “ pi1pS q and γk`1ppi1pS qq “ rpi1pS q, γkppi1pS qqs.
Then, Gk “ pi1pS q{γkppi1pS qq. Note that with this definition, J1pS q “ ModpS q and
J2pS q “ I pS q.
Corollary 1.10. No finite index subgroup of the following groups acts faithfully by
C1`bv diffeomorphisms on M:
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(1) AutpFnq and OutpFnq for n ě 3;
(2) I pS q and J3pS q, where S has genus at least 3;
(3) JkpS q, where S has genus at least 5 if k ą 3.
It was proved in [3] that AutpFnq does not admit a nontrivial action by circle
homeomorphisms, though the Bridson–Vogtmann proof relies essentially on torsion
inside AutpFnq and thus does not generalize to finite index subgroups of AutpFnq.
We will give a proof of Corollary 1.10 in Section 3 below.
1.2.3. Compactness and smooth actions. Theorem 1.4 also underlines a fundamen-
tal difference between compact and noncompact one–manifolds, as far as their dif-
feomorphism groups are concerned. We see in this paper that many right-angled
Artin groups do not embed in Diff1`bv` pMq when M is compact, though no such
restrictions hold when M is noncompact, as is illustrated by the following result of
the authors [1]:
Theorem 1.11. Every right-angled Artin group embeds into the orientation–preserving
C8 diffeomorphism group of R.
Actions on noncompact manifolds have applications to mapping class groups of
surfaces in their own right:
Question 2. Let n ě 4. Does Bn virtually admit a faithful C8 action on R?
A negative answer would prove that a braid group on at least four strands does not
virtually embed into a right-angled Artin group, by Theorem 1.11. It has recently
been proved that such braid groups do not virtually admit cocompact actions on
CAT(0) cube complexes [17], [19].
1.2.4. Structure of finitely generated subgroups of the diffeomorphism group. The-
orems 1.2 and 1.4 raise natural questions about the structure of finitely generated
subgroups of Diff1`bv` pMq, which are known to be quite complicated [15]. Already,
we see that the possible right-angled Artin subgroups of Diff1`bv` pMq are rather re-
stricted whenever M is a compact one–manifold. Indeed, Corollary 1.5 states that
if Γ is a graph and ApΓq acts faithfully by C1`bv diffeomorphisms on M then Γ must
be P4–free. The class of P4–free graphs is well–understood: it is the smallest class
of finite simplicial graphs which contains a single vertex graph, and which is closed
under finite disjoint unions and finite joins. See [7] and also [21] for a more de-
tailed discussion of P4–free graphs and the right-angled Artin groups defined by
such graphs.
Let us denote by Diff1`bv` pI, BIq the group of C1`bv diffeomorphisms of I which
are the identity near the boundary of I. By concatenating intervals, we see that if G
and H are finitely generated subgroups of Diff1`bv` pI, BIq, then G ˆ H occurs as a
subgroup of Diff1`bv` pI, BIq. A much more subtle question is the following:
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Question 3. Let G,H ă Diff1`bv` pMq be finitely generated subgroups. Does G ˚ H
occur as a subgroup of Diff1`bv` pMq?
A positive answer to this question would characterize the right-angled Artin sub-
groups of Diff1`bv` pMq as exactly the ones with P4–free defining graphs. Recall
that a diffeomorphism of a space is fully supported if the fixed point set has empty
interior [11]. The referee has pointed out the following partial answer to Ques-
tion 3: If G and H consist of fully supported diffeomorphisms, then one can embed
G ˚ H into Diff2`pMq by conjugating one of G and H by some diffeomorphism f ,
and the choice of such an f is dense in Diff2`pMq. Similar genericity arguments are
described in [15, Proposition 4.5] and in [33, Theorem 2.1].
1.2.5. Sections for the mapping class group. Let
pi : Homeo`pS q Ñ ModpS q
be the projection that takes a homeomorphism of S its mapping class. A well–
known result of Markovic [26], which is closely related to mapping class group
actions on the circle, says that pi does not admit a section whenever S is a closed
surface with genus at least six.
Question 4. Let G ă ModpS q be a finite index subgroup. Does there exist a section
s : G Ñ Diff1`pS q which splits pi? How about to Homeo`pS q?
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3. Right-angled Artin groups and finite index subgroups of mapping class groups
For our purposes, right-angled Artin groups are an essential tool for understand-
ing all finite index subgroups of a given mapping class group. In this section, we
summarize the relevant facts and reduce the results of this paper to Theorem 1.4.
Lemma 3.1. If a right-angled Artin group A embeds into a group G, then A embeds
into each finite index subgroup of G.
Proof. Let H be a finite index subgroup of G. By taking a smaller finite index
subgroup if necessary, we may assume H is normal in G. Let φ : A Ñ G be the
given injective homomorphism and N “ rG : Hs. Write A “ ApΓq. Then K “ xvN |
v P VpΓqy ď A is isomorphic to A and φpKq ď H. 
Let S be a surface. Recall that the curve graph C pS q is a graph whose vertices are
isotopy classes of non–peripheral simple closed curves on S , and the edge relation
is given by disjoint realization on S . A graph Γ is called an induced subgraph
of C pS q if there exists an injective map of graphs ι : Γ Ñ C pS q which preserves
adjacency and non–adjacency.
Theorem 3.2 (See [23]). Let Γ ă C pS q be a finite induced subgraph. Then there
exists an injective homomorphism ApΓq Ñ ModpS q.
Explicitly, let us suppose a graph map ι : Γ Ñ C pS q preserves adjacency and
non–adjacency. For each N P N, we get an induced map
ι˚,N : ApΓq Ñ ModpS q
by sending v ÞÑ T N
ιpvq
, where Tιpvq denotes the Dehn twist about the curve ιpvq. A
more detailed version of Theorem 3.2 as proved in [23] is that for N " 0, the
homomorphism ι˚,N is injective.
Corollary 3.3. The group ApP4q embeds into ModpS q whenever cpS q ě 2.
Proof of Theorem 1.2. For surfaces S with cpS q ě 2, the conclusion of the theo-
rem follows from Theorem 1.4, combined with Lemma 3.1 and Corollary 3.3. For
surfaces with cpS q ă 2, we have that ModpS q is virtually a product of a free group
and a cyclic group [5] and thus virtually admits a C1`bv action on M; for example,
see [16]. 
Proof of Corollary 1.10. By Theorem 1.4, it suffices to find a copy of ApP4q in each
of these groups.
(1) Note that the surface S 1,0,2 of genus one with two boundary components con-
tains a chain of four simple closed curves, by which we mean a collection of four
pairwise non–isotopic essential simple closed curves tγ1, . . . , γ4u in minimal posi-
tion with the property that γiXγi`1 ‰ ∅, but γiXγ j “ ∅ otherwise. See Figure 1 (a)
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below. By Theorem 3.2, this realizes ApP4q in ModpS 1,0,2q ă OutpF3q. Equipping
S 1,0,2 with a marked point realizes ModpS 1,1,2q as a subgroup of AutpF3q.
(2) A closed surface S of genus at least 3 contains a chain of four separating
closed curves as shown in Figure 1 (b). The curves are labeled by a, b, c, d so that
the intersection graph coincides with the graph shown in Figure 2 which is a copy
of P4. By Theorem 3.2 this furnishes a copy of ApP4q in I pS q. The reader may
note that this actually furnishes ApP4q in J3pS q.
(3) (Sketch) If S has genus 5 or more then there exists a chain of four subsurfaces
tS 1, . . . , S 4u in S , where each S i is homeomorphic to a genus two surface with one
boundary component. A chain of subsurfaces is defined analogously to a chain of
simple closed curves, and a chain of two subsurfaces is illustrated in Figure 1 (c)
below. Let k ą 3.
For each i “ 1, 2, 3, 4, we claim the surface S i supports a pseudo-Anosov map-
ping classes ψi which lie in the Johnson kernel JkpS q. This follows from a well–
known fact that every non–central normal subgroup of a mapping class group con-
tains pseudo-Anosov elements (see [20]). One way to see this fact is to appeal to
a result of Dahmani–Guirardel–Osin in [8], which shows that the mapping class
group contains an infinitely generated, purely pseudo-Anosov, normal subgroup N.
If 1 ‰ ψ P JkpS q is pseudo-Anosov then there is nothing to show. If ψ fails to be
pseudo-Anosov then we take 1 ‰ n P N, and consider rn, ψs. Since ψ and n will not
commute as the centralizer of a pseudo-Anosov mapping class is virtually cyclic,
we have that φ “ rn, ψs is nontrivial. Since JkpS q is normal, φ P JkpS q. Since N is
normal, we also have φ P N and is therefore pseudo-Anosov.
Finally, sufficiently large powers of tψ1, . . . , ψ4u will generate a copy of ApP4q ă
JkpS q, by [6, Theorem 1.1] or [23, Theorem 1.1]. 
We also record the following fact, which allows us to reduce to the case where
M is a connected manifold:
Lemma 3.4. Let φ : ApP4q Ñ G ˆ H be an injective homomorphism, and let φG
and φH be the composition of φ with the projections to G and H respectively. Then
one of φG or φH is injective.
Proof. Let KG and KH be the kernels of φG and φH respectively, which we assume
are nontrivial. On the one hand, note that KGKH – KG ˆ KH , so that if g P KG
and h P KH are nontrivial, then Z2 – xg, hy ă ApP4q. On the other hand, we
have that KG and KH both contain loxodromic elements, each of which has a cyclic
centralizer in ApP4q (see Lemma 52 of [22] and Theorem 2.4 of [24]). This is a
contradiction, so that at least one of KG and KH is trivial. 
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γ4γ1
γ2γ3
(a) A chain of curves
b
d
a
c
(b) A chain of four
separating curves
S 1
S 2
(c) A chain of
subsurfaces
Figure 1. Corollary 1.10.
4. Classical one–dimensional dynamics
From Sections 4 through 6, we will assume M is connected. In other words, we
let M “ I “ r0, 1s or M “ S 1 “ R{Z. For x, y P S 1, the open interval px, yq “
tz P M : x ă z ă yu is naturally defined as a subset of the image of px, x ` 1q Ď R.
We let Homeo`pMq denote the group of orientation–preserving homeomorphisms
of M. For f P Homeo`pMq, we use the notations Fix f “ tx P M : f x “ xu
and supp f “ Mz Fix f . The set supp f is called the support (or, open support)
of f . We will broadly appeal to the following equality, which is trivial to prove:
supp f “ supp f´1 for an arbitrary automorphism of an arbitrary set.
We define the set of periodic points:
Per f “ tx P M : f px “ x for some 0 ‰ p P Zu “
8ď
p“1
Fixp f pq.
For Y Ď M, the set of the connected components of Y is denoted as pi0pYq. For two
group elements a and b, we let ra, bs “ a´1b´1ab.
Lemma 4.1. For f , g P Homeo`pMq, we have the following.
(1) Fixpg f g´1q “ g Fix f , supppg f g´1q “ g supp f and Perpg f g´1q “ g Per f .
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(2) Let Y Ď Z be intervals in M such that each component of supp f is ei-
ther contained in Y or disjoint from Z. If gpYq Ď Y and gpZq “ Z, then
g f˘1g´1pYq “ Y.
(3) If f and g commute, then f permutes the elements of pi0psupp gq.
Proof. (1) For x P M, we have
x P Fixpg f g´1q ô g f g´1x “ x ô f pg´1xq “ g´1x ô g´1x P Fix f .
And the other two assertions follow similarly.
(2) The assertion is immediate from
supppg f˘1g´1q X Z “ g supp f X Z Ď gpYq Ď Y.
(3) Let Y P pi0psupp gq. Since f Y is connected and contained in f supp g “
supp g, there exists Z P pi0psupp gq containing f Y . Since f´1Z is connected and
contained in f´1psupp gq “ supp g, we have Y “ f´1Z and f Y “ Z. 
Let us say f is grounded if Fix f ‰ ∅. For example, every map in Homeo`pIq
is grounded. We say a group action of G on M is free (or, G acts freely on M) if
Fix g “ ∅ for each g P Gzt1u.
For f P Homeo`pS 1q, choose an arbitrary lift ˜f : R Ñ R and x P R. Then
we define the rotation number of f as rot f “ limnÑ8
`
˜f npxq ´ x˘ {n, which is
uniquely defined in R{Z regardless of the choice of the lift ˜f and x. We have
rotp f nq “ n rotp f q for each n P Z. It is a standard fact that rotp f q “ 0 if and only if
f is grounded.
Theorem 4.2 (Ho¨lder’s Theorem [30]). If G is a subgroup of Homeo`pMq such
that G acts freely on MzBM, then G is abelian. In this case, if M “ S 1 then the
rotation number is an embedding from G to the multiplicative group S 1.
Theorem 4.3 ([11, Proposition 2.10]). The centralizer of an irrational rotation in
Homeo`pS 1q is SOp2,Rq.
We denote by varpg; Mq the total variation of a map g : M Ñ R:
varpg; Mq “ sup
#
n´1ÿ
i“0
|gpai`1q ´ gpaiq| : pai : 0 ď i ď nq is a partition of M
+
.
In the case M “ S 1, we require an “ a0 in the above definition. Following [30], we
say a C1 diffeomorphism f on M is C1`bv if varp f 1; Mq ă 8. We let Diff1`bv` pMq
denote the group of orientation–preserving C1`bv diffeomorphisms of M. Our ap-
proach essentially builds on the following two fundamental results on C1`bv diffeo-
morphisms.
Theorem 4.4 (Denjoy’s Theorem [9], [30, Theorem 3.1.1]). If f P Diff1`bv` pS 1q
and Per f “ H, then f is topologically conjugate to an irrational rotation.
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Theorem 4.5 (Kopell’s Lemma [25], [30, Theorem 4.1.1]). Suppose f , g P Diff1`bv` pIq
and r f , gs “ 1. If Fix f X p0, 1q “ ∅ and g ‰ 1, then Fix g X p0, 1q “ ∅.
Farb and Franks proved the following Abelian Criterion in [11, Lemma 3.2] for
C2 diffeomorphisms. Actually, they stated the theorem in a stronger form for fully
supported diffeomorphisms, which means that the closure of the support of each
diffeomorphism is I. Our proof given here follows [11] closely.
Theorem 4.6 (Abelian Criterion). If f , g, h P Diff1`bv` pIq satisfy that Fix g “ t0, 1u
and that r f , gs “ 1 “ rg, hs, then r f , hs “ 1.
Proof. Suppose w P x f , hy fixes a point in p0, 1q. Since rw, gs “ 1, Kopell’s Lemma
implies that w “ 1. Hence x f , hy acts freely on p0, 1q and is abelian by Ho¨lder’s
theorem. 
The commutation graph of a subset S of a group G is a graph on the vertex set S
such that two vertices u and v are joined if and only if they are commuting in G. A
complete graph is a finite graph in which every pair of vertices are joined.
Lemma 4.7. Suppose a nonabelian subgroup G ď Diff1`bv` pS 1q is generated by a
finite set V Ď G such that the commutation graph of V is connected. If V consists
of infinite order elements, then the rotation number of each v P V is rational.
Proof. Suppose v1 P V has an irrational rotation number, and choose a path
pv1, . . . , vmq
in the commutation graph of V such that all the vertices are visited at least once. By
Denjoy’s Theorem, there exists f P Homeo`pS 1q such that f v1 f´1 is an irrational
rotation. From Theorem 4.3 and the assumption that v2 is of infinite order, we see
that f v2 f´1 is also an irrational rotation. An inductive argument shows that f v f´1
is an irrational rotation for each v P V . This would imply that G is abelian. 
Remark 4.8. In Lemma 4.7, one cannot drop the condition that V consists of infi-
nite order elements. For instance, consider the three maps a, b, c P Diff8`pS 1q:
apxq “ x `
pi
3 , bpxq “ x `
1
2
, cpxq “ x`
sin 4pix
8pi mod Z.
It is easy to see that ra, bs “ rb, cs “ 1, ra, cs ‰ 1 and that the rotation number of a
is irrational.
We write A&B if two sets A and B intersect nontrivially.
Lemma 4.9 (Disjointness Condition). Components of the supports of two commut-
ing grounded C1`bv diffeomorphisms on M are either pairwise equal or pairwise
disjoint.
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Proof. Suppose f , g P Diff1`bv` pMq satisfy r f , gs “ 1, and A&B for some A “
pp, qq P pi0psupp f q and B “ px, yq P pi0psupp gq. Assume further that A ‰ B. By
symmetry, we only need to consider the following two cases.
First, assume p ă x ă q ď y. By replacing f by f´1 if necessary, we may
assume gx “ x ă f x ă q. Then f x P supp g and so, g f x ‰ f x “ f gx. This
contradicts the commutativity of f and g. Note that we have also covered the case
when we have a circular ordering p ă y ď x ă q ď p.
Second, we assume p ď x ă y ď q. Again, we may assume f ptq ą t for t P A.
For each b P B, we have limkÑ´8 f kpbq “ p and limkÑ8 f kpbq “ q. Since gb P B,
we have
gp “ lim
kÑ´8
g f kb “ lim
kÑ´8
f kpgbq “ p, gq “ lim
kÑ8
g f kb “ lim
kÑ8
f kpgbq “ q.
Kopell’s Lemma for the closure of A yields a contradiction. 
In the following two lemmas, we explain how conjugation can be used to control
the supports of homeomorphisms.
Lemma 4.10. Let f , g P Homeo`pMq. Suppose Y Ď Z are open intervals in M
such that each component of supp f is either contained in Y or disjoint from Z. If
gpZq “ Z, then there exist s, t P t´1, 1u such that for u “ g f sg´1 and w “ u f tu´1
we have wpYq Ď Y.
Proof. Write Y “ pp, qq and Z “ pP,Qq. Let u “ g f g´1. We may assume p ď up
by replacing f by f´1 if necessary.
Case 1. p ď up ă uq ď q. Let w “ u f u´1. Since upYq Ď Y , Lemma 4.1 (2)
implies that wpYq Ď Y .
Case 2. p ď up ď q ă uq ď Q. Since P ď u´1 p ď p, we have u f˘1u´1 p “
uu´1 p “ p. Hence, if u f u´1q ď q, we are done: we choose w “ u f u´1. Otherwise,
we have u f u´1q ě q, hence u f´1u´1q ď q. In this case, we choose w “ u f´1u´1.
In either case, we have wY Ď Y .
Case 3. p ă q ď up ă uq ă Q. Let w “ u f u´1. Since P ď u´1 p ă u´1q ď p,
we have wp “ uu´1p “ p and wq “ uu´1q “ q. Hence, wpYq “ Y . 
Let Fpx, yq be the free group on tx, yu and g P Fpx, yq. We say a word w P Fpx, yq
is a successive conjugation of x by g if there exist n ě 1 and s1, s2, . . . , sn P t1,´1u
such that for the sequence of words in Fpx, yq defined by
w1 “ gxs1g´1,wi`1 “ wi xsi`1w´1i for 1 ď i ď n ´ 1
we have w “ wn.
Lemma 4.11. Let Y “ tY1, Y2, . . .u and Z “ tZ1, Z2, . . .u be two (possibly infinite)
collections of open intervals in M, such that Yi Ď Zi for each i and Zi X Z j “ ∅
whenever i ‰ j. If m ě 0 and f , g P Homeo`pMq satisfy supp f Ď
Ť
Y and
UNSMOOTHABLE GROUP ACTIONS ON COMPACT ONE–MANIFOLDS 13
supp g Ď
Ť
Z , then there exists a successive conjugation wpx, yq of x by y in
Fpx, yq such that for w “ wp f , gq and j ď m, we have wY j Ď Y j and moreover,
supppw f w´1q Ď Ť jďm Yi YŤ jąm Zi.
Proof. For each Y “ Yi P Y , we define ZpYq “ Zi so that the group x f , gy acts on
ZpYq. Moreover, each component of supp f is either contained in Y or disjoint from
ZpYq. By Lemma 4.10, we can choose s1, t1 P t´1, 1u such that for u1 “ u1px, yq “
yxs1y´1 and for w1px, yq “ u1xt1u´11 , we have w1p f , gqpY1q Ď Y1.
Inductively, suppose we have chosen wi P Fpx, yqzxxy such that wi is a succes-
sive conjugation of x by y and wip f , gqpY jq Ď Y j for 1 ď j ď i ă m. Since
wip f , gqpZi`1q “ Zi`1, we can apply Lemma 4.10 again. That is, for some si`1, ti`1 P
t´1, 1u, if we let
ui`1px, yq “ wipx, yqxsi`1wipx, yq´1, wi`1px, yq “ uipx, yqxti`1uipx, yq´1,
then we have wi`1p f , gqpYi`1q Ď Yi`1. By Lemma 4.1 (2), we see ui`1p f , gqpY jq Ď
Y j and wi`1p f , gqpY jq Ď Y j for 1 ď j ď i. Inductively, we have wm P xx, yyzxxy
such that wmp f , gqY j Ď Y j for each 1 ď j ď m. For j ą m, we have wmp f , gqY j Ď
wmp f , gqZ j Ď Z j. In conclusion, if we put w “ wmp f , gq, then
supp w f w´1 “ w supp f “
ď
jďm
wpsupp f X Y jq Y
ď
jąm
wpsupp f X Y jq
Ď
ď
jďm
Y j Y
ď
jąm
Z j. 
5. The right-angled Artin group on a path
The main objective of this section is to prove Proposition 1.6. Throughout this
section, we assume to have a faithful representation φ : ApP4q Ñ Diff1`bv` pMq such
that φpvq is grounded for each v P VpP4q. We will continue to assume M is con-
nected. For brevity, we let each v P VpP4q also denote the diffeomorphism φpvq. We
label the vertices of P4 as in Figure 2, and use the notations V “ VpP4q “ ta, b, c, du
and Jv “ pi0psupp vq for each v P V . We choose this particular labeling of the ver-
tices so that none of ra, bs, rb, cs or rc, ds is trivial.
b d a c
Figure 2. The graph P4.
Lemma 5.1. If J P Ja XJd, then xa, b, c, dy acts on J as an abelian group.
Proof. For each v P tb, cu and J1 P Jv, the Disjointness Condition (Lemma 4.9)
implies that either J X J1 “ ∅ or J “ J1 holds. By the Abelian Criterion (Theo-
rem 4.6), we see xa, b, c, dy acts as an abelian group on J. 
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For f , g P Homeo`pMq, we define
Jp f , gq “
ď
tI f Y Ig : I f P pi0psupp f q, Ig P pi0psupp gq, I f &Ig, I f ‰ Igu
Y
ď
tJ : J P pi0psupp f q X pi0psupp gq and x f , gyæJ is nonabelianu.
Lemma 5.2. For f , g P Homeo`pMq, we have suppr f , gs Ď Jp f , gq.
Proof. If x P MzJp f , gq, then one of the following holds.
(i) x R supp f Y supp g;
(ii) x P J P pi0psupp f q such that J X supp g “ ∅;
(iii) x P J P pi0psupp gq such that J X supp f “ ∅;
(iv) x P J P pi0psupp f q X pi0psupp gq such that x f , gy acts on J as an abelian
group.
In each of the cases, we have that r f , gsx “ x. 
Lemma 5.3. The following statements hold:
(1) For each J P Jc YJd, we have either J Ď Jpc, dq or J X Jpc, dq “ ∅.
(2) supp a X Jpc, dq “ ∅.
(3) An interval in Jb cannot properly contain a component of Jpc, dq.
Proof. (1) is immediate. For (2), suppose Ia P Ja nontrivially intersects J P Jv
for some v P tc, du such that J Ď Jpc, dq. By the Disjointness Condition and the
Abelian Criterion, we have Ia “ J and xa, c, dy acts on J as an abelian group. This
contradicts the hypothesis that J Ď Jpc, dq.
(3) Each component of Jpc, dq contains an interval J in Jd. The Disjointness
Condition implies that J cannot be properly contained in supp b. 
Remark 5.4. If Fix a has an empty interior, then supprc, ds Ď Jpc, dq Ď Mzsupp a “
∅ and rc, ds “ 1 by Lemmas 5.2 and 5.3. This recovers the Abelian Criterion in the
form given in [11, Lemma 3.2].
We say a sequence of four intervals pI1, I2, I3, I4q forms a chain when Ii&I j if and
only if |i ´ j| “ 1. Figure 3 illustrates examples where sequences of four intervals
pIa, Ib, Ic, Idq form chains.
Ia
Ib Ic
Id
(a)
Ia
Ib Ic
Id
(b)
Figure 3. Chains of intervals.
Lemma 5.5. If Ia P Ja and Id P Jd satisfy cbIa&Id, then one of the following
holds.
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(1) Ia “ Id “ cbIa and xa, b, c, dy acts on Ia as an abelian group.
(2) Ia X Id “ ∅ and there exist Ib P Jb and Ic P Jc such that bIa&Ic and that
pIa, Ib, Ic, Idq forms a chain; in particular, we have Id Ď Jpc, dq.
Proof. The case Ia “ Id is obvious from Lemma 5.1, so let us assume Ia X Id “ ∅.
Choose x P Ia such that cbx P Id. Let us first assume bx P Ia. The Disjointness
Condition implies that each interval belonging to the family Jc Y Jd is either
equal to or disjoint from Ia. So we have cbx P Ia. But this is a contradiction, for Ia
and Id are disjoint. It follows that x P Ia X Ib and bx P IbzIa for some Ib P Jb. We
have Ib X Id “ ∅ and so, cbx R Ib. This means that there exist Ic P Jc such that
bx P Ib X Ic and cbx P Ic X Id. Since Ic&Id and Ic ‰ Id, we see Id Ď Jpc, dq. 
We set Y “ pi0
´
MzJpc, dq
¯
.
Lemma 5.6. If Ia P Ja and Ia Ď Y for some Y P Y , then cbIa is contained in the
component of Mz pŤY ztYuq which contains Y.
Proof. We have the following:
Claim. For each Y 1 P Y ztYu, the intervals cbIa and Y 1 are disjoint.
Suppose the contrary and choose x P Ia and Y 1 P Y ztYu such that cbx P Y 1.
If bx P Ia then cbx P Ia Ď Y and we have a contradiction. So bx R Ia, and
tx, bxu Ď Ib for some Ib P Jb. Since Ia&Ib and Ia ‰ Ib, we see Ib R Jd. So
Ib X supp d “ ∅. If cbx P Ib, then Ib&Y 1. From Ib&Y , we see that Ib would
properly contain a component of Jpc, dq. This contradicts Lemma 5.3. It follows
that cbx R Ib, and that we can find Ic P Jc such that tbx, cbxu Ď Ic. In particular,
cbx P Ic X Y 1. Since the interval Ib Y Ic intersects both Y and Y 1, a component J
of Jpc, dq is contained in Ib Y Ic. By Lemma 5.3, the interval Ib cannot properly
contain J, and so, Ic Ď Jpc, dq. Since cbx P Y 1 Ď MzJpc, dq, this is a contradiction.
To complete the proof, let us assume that cbIa is contained in some component
Z of Mz p
Ť
Y ztYuq which does not contain Y . Fix x P Ia so that we have cbx P Z.
Each interval joining x and cbx contains an interval in Y ztYu. As in the previous
paragraph, one can see that there exist Iv P Jv for v P tb, cu such that bx P IbXIczIa
and cbx P IczIb, and moreover, Ib Y Ic is an interval containing both x and cbx. By
assumption, Ib Y Ic contains an interval Y 1 P Y ztYu. This implies that Ib Y Ic
contains at least one components J of Jpc, dq such that J X Ic “ ∅. This implies
that Ib would properly contain J, and we have a contradiction. 
By Lemma 5.6, for each Y P Y there uniquely exists a minimal open interval
ZpYq contained in
Mz
´ď
Y ztYu
¯
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such that Y Ď ZpYq and such that for each Ia P Ja with Ia Ď Y , we have cbIa Ď
ZpYq.
Lemma 5.7. If an open interval J intersects ZpYq for some Y P Y , then either
J Ď ZpYq or cbIa&J for some Ia P Ja contained in Y.
Proof. Suppose J ­Ď ZpYq so that one of the endpoints of ZpYq belongs to J. Then
a component of J X ZpYq must intersect cbIa for some Ia P Ja satisfying Ia Ď Y ,
by the minimality of ZpYq. 
Lemma 5.8. For two distinct intervals Y and Y 1 in Y , we have ZpYq X ZpY 1q “ ∅.
Each open interval J Ď M can be written as J “ pinf J, sup Jq for some points
inf J, sup J P M.
Proof of Lemma 5.8. Suppose ZpYq&ZpY 1q. By definition, we have ZpYq X Y 1 “ ∅
and so, ZpY 1q ­Ď ZpYq. By Lemma 5.7, we can choose Ia P Ja with Ia Ď Y
such that cbIa&ZpY 1q. If cbIa ­Ď ZpY 1q, then Lemma 5.7 again implies that there is
I1a P Ja with I1a Ď Y such that cbIa&cbI1a. But this is impossible since Ia X I1a “ ∅.
It follows that cbIa Ď ZpY 1q. By minimality of ZpY 1q, we can find I1a P Ja such
that I1a Ď Y and such that, up to switching the roles of Y and Y 1, we have a (possibly
circular) ordering of points as following:
inf Ia ă sup Ia ď infpcbI1aq ă suppcbI1aq ď infpcbIaq ă suppcbIaq ď inf I1a.
This inequality is absurd since cb is order–preserving. 
We let g “ cbab´1c´1 so that supp g “ cb supp a.
Lemma 5.9. For each Y P Y , we have aY “ Y, dY “ Y and gZpYq “ ZpYq.
Furthermore, we have supp g Ď
Ť
tZpYq : Y P Y u.
Proof. From supp aX Y “ ŤtJ P Ja : J&Yu, we see aY Ď Y . If Id P Jd satisfies
Id&Y but Id ­Ď Y , then Id&Jpc, dq, and hence by Lemma 5.3 we have Id Ď Jpc, dq.
This would be a contradiction, and so, we have dY “ Y . For the last two assertions,
consider an arbitrary component cbIa of supp g “ cb supp a. If Ia Ď Y 1 P Y for
some Y 1 ‰ Y , then cbIa Ď ZpY 1q P MzZpYq by Lemma 5.8. If Ia Ď Y , then cbIa Ď
ZpYq by definition. This shows gZpYq Ď ZpYq and supp g Ď
Ť
tZpYq : Y P Y u. 
Let Y0 be the collection of intervals Y P Y such that for some Ia P Ja contained
in Y and some Id P Jd, we have cbIa X Id X pMzYq ‰ ∅; in this case, Lemma 5.5
and the fact supp a X Jpc, dq “ ∅ together imply that Ia ‰ Id and Id Ď Jpc, dq.
Lemma 5.10. Let g be as above. Suppose Y P Y and Id P Jd satisfies Id&ZpYq.
Assume either
(1) Id Ď Y, or
(2) Y R Y0.
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Then either g acts on Id as the identity or xa, b, c, dy acts on Id as an abelian group.
Proof. Suppose g is not the identity on Id, so that cb supp a&Id. We can find some
Ia P Ja such that cbIa&Id.
(1) Suppose Id Ď Y . Since Id Ď MzJpc, dq, the case (2) of Lemma 5.5 does not
occur. It follows that Ia “ Id “ cbIa and that xa, b, c, dy is abelian on Id.
(2) Suppose Y R Y0. If Id Ď ZpYq, then we have Ia Ď Y by the definition of ZpYq
and Lemma 5.8. If Id ­Ď ZpYq, then Lemma 5.7 implies that we can find I1a P Ja
such that I1a Ď Y and cbI1a&Id . So we may simply assume Ia Ď Y . If Id ‰ cbIa,
then Lemma 5.5 implies that Id Ď Jpc, dq and Y P Y0, and this would violate the
assumption. So, we have Id “ cbIa. By Lemma 5.5, the group xa, b, c, dy acts on Id
as an abelian group. 
Lemma 5.11. Y0 is an infinite collection of intervals.
Proof. Suppose Y “ tY1, Y2, . . . , Ym, . . .u such that Y0 “ tY1, Y2, . . . , Ymu. By
Lemma 4.11, there is a successive conjugation wpx, yq P Fpx, yq of x by y such that
w “ wpa, gq acts on Y j for j ď m and on ZpY jq for j ą m. Moreover for waw´1, we
can require that supp waw´1 Ď
Ť
jďm Y j Y
Ť
jąm ZpY jq.
Claim. If some wIa& supp d for some Ia P Ja, then wIa P Jd and xa, b, c, dy acts
on wIa as an abelian group.
Assume wIa&Id for some Id P Jd. Let us first consider the case Ia Ď Y j for
some j ď m. We have wIa Ď Y j and Id&Y j. By Lemma 5.3 (1), we see that Id Ď Y j.
Then Lemma 5.10 (1) implies that g is the identity on Id or xa, b, c, dy is abelian on
Id. If g is the identity on Id, then wId “ Id and hence, Id “ Ia “ wIa and xa, b, c, dy
is abelian on Id “ wIa by Lemma 5.1. If xa, b, c, dy is abelian on Id, then we also
have wId “ Id and so, Id “ Ia “ wIa.
Let us now suppose Ia Ď Y j for some j ą m, so that Id&ZpY jq. By Lemma 5.10
(2), we see that Ia X xa, gyId “ Ia X Id. If Ia X supp d “ ∅, then Ia X Id “ ∅
and wIa X Id “ wpId X w´1Idq “ ∅. So Ia P Jd, and Lemma 5.1 implies that
Ia “ wIa “ Id and that xa, b, c, dy acts on Ia as an abelian group.
From the claim above and Lemma 5.2, we see that
supprwaw´1, ds Ď Jpwaw´1, dq “ ∅,
and so, rwaw´1, ds “ 1. On the other hand, there exists a successive conjugation u
of a by b such that rwaw´1, ds “ rcuc´1, ds. Since rcuc´1, ds is a nontrivial reduced
word in ApP4q, we have a contradiction. 
Now Lemma 5.11 completes the proof of Proposition 1.6.
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6. The Two Jumps Lemma
In this section we prove some quantitative estimates on first derivatives which
naturally arise in our setup. We let M “ I or M “ S 1.
Lemma 6.1. If f : M Ñ M is a C1 map and x is an accumulation point of Fix f ,
then f 1pxq “ 1.
Proof. Choose a sequence pxnqně1 converging to x such that xn P Fix f and xn ‰ x
for each n. Then there exists yn between xn and x satisfying f 1pynq “ p f pxnq ´
f pxqq{pxn ´ xq “ 1. We have 1 “ limnÑ8 f 1pynq “ f 1plimnÑ8 ynq “ f 1pxq. 
The length of an interval J is denoted by |J|.
Lemma 6.2 (Two Jumps Lemma). Let f , g : M Ñ M be continuous maps and
py jq jě1 be an infinite sequence of points in M. For each j ě 1, suppose I j is a
closed interval bounded by f py jq and gpy jq such that y j belongs to the interior of I j
and such that lim jÑ8 |I j| “ 0. For each j ě 1, let A j and B j be the closed intervals
determined by the following conditions:
I j “ A j Y B j, A j X B j “ y j, f py jq P A j, gpy jq P B j.
If A j& Fix g and B j& Fix f for each j ě 1, then f or g fails to be C1.
Figure 4 (a) illustrates an example of the hypotheses in Lemma 6.2.
Proof of Lemma 6.2. Suppose f and g are C1, and choose s j P A j X Fix g and
t j P B j X Fix f for each j ě 1. We have a configuration of points as shown in
Figure 4 (a), up to choosing a subsequence and reversing the orientation of M. So,
f py jq ď s j ă y j ă t j ď gpy jq.
By further passing to a subsequence, we can also assume that lim jÑ8 y j “ y for
some y P M so that f pyq “ y “ gpyq. Since ps jq and pt jq both accumulate at y, we
see f 1pyq “ 1 “ g1pyq from Lemma 6.1.
Using the Mean Value Theorem, we can find u j P ps j, y jq and v j P py j, t jq satisfy-
ing
g1pu jq “
gpy jq ´ s j
y j ´ s j
“ 1 `
|B j|
y j ´ s j
ě 1 `
|B j|
|A j|
f 1pv jq “
t j ´ f py jq
t j ´ y j
“ 1 `
|A j|
t j ´ y j
ě 1 `
|A j|
|B j|
and hence, f 1pv jqg1pu jq ě 4. We have a contradiction, since pu jq and pv jq both
converge to y. 
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f py jq s j y j t j gpy jq
A j B j
(a)
I jf
I jg
s j t jx j
g f px jq
f px jq
(b)
Figure 4. Lemmas 6.2 and 6.3.
Lemma 6.3. Let f , g be orientation–preserving homeomorphisms of M. For each
v P t f , gu, suppose we have an infinite collection of disjoint open intervals tI jv : j ě
1u such that vpI jvq “ I jv for j ě 1. Suppose furthermore that for each j ě 1, there
exists some x j P I jf zI
j
g with the property that f px jq P I jg and g f px jq R I jf . Then one
of f or g fails to be a C1 diffeomorphism.
Proof. Immediate by applying Lemma 6.2 to f´1 and g on the sequence p f px jqq jě1.
See Figure 4 (b). 
7. Proof of the main theorem
Proof of Theorem 1.4. Suppose φ : ApP4q Ñ Diff1`bv` pMq is an injective homomor-
phism, and we let the vertex set V “ VpP4q “ ta, b, c, du as shown in Figure 2. By
raising the generators to suitable powers, we may assume that φpApP4qq preserves
each component of M. From Lemma 3.4, we may further assume that M is con-
nected. By raising to higher powers if necessary, we can also require that φpvq is
grounded for each v; see Lemma 4.7. By Proposition 1.6 and Lemma 5.5, we have
an infinite family of distinct intervals tI jv : j ě 1u Ď pi0psupp vq for each v such that
the hypotheses of Lemma 6.3 are satisfied after setting:
f “ b, g “ c.
We have a contradiction by Lemma 6.3. 
8. Quasi–isometric rigidity
In this section, we prove the following generalization of Theorem 1.2:
Theorem 8.1. Let G be a finitely generated group which is quasi–isometric to the
mapping class group of a finite type surface with complexity at least two. Then there
is no injective homomorphism G Ñ Diff1`bv` pMq.
Recall that a finite type surface is a closed surface minus finitely many (possi-
bly zero) punctures. Let us denote the center ZpS q “ ZpModpS qq. The proof of
Theorem 8.1 relies on the following result:
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Theorem 8.2 (QI rigidity of mapping class groups [2], [18]). Let S be a finite
type surface with cpS q ě 2, and let G be a finitely generated group which is quasi–
isometric to ModpS q. Then after passing to a finite index subgroup of G if necessary,
there is a homomorphism G Ñ ModpS q{ZpS q with finite index image and finite
kernel.
To prove Theorem 8.1, let us start with a homomorphism φ : H0 Ñ L0 such that
rG : H0s ă 8, rModpS q{ZpS q : L0s ă 8 and such that K0 “ ker φ is finite. Let
L1 be the preimage of L0 with respect to the projection ModpS q Ñ ModpS q{ZpS q.
See the diagram below.
G
ă8
ModpS q{ZpS q
ă8
ModpS q
ă8
oooo
1 // K0 // H0
φ
// L0 L1oooo
1 // K // H “ φ´1pLq // L L – ApP4q
–
oo
Since cpS q ě 2, there exists L – ApP4q inside L1. Since L is torsion-free and
|ZpS q| ă 8, we have that ModpS q{ZpS q also contains a copy of L. We denote this
copy again as L. Put H “ φ´1pLq and K “ H X K0. We obtain an extension
1 Ñ K Ñ H Ñ ApP4q Ñ 1.
We wish to show that H cannot act faithfully by C1`bv diffeomorphisms on M.
Choosing arbitrary lifts of generators of ApP4q to H, we have that the conjugation
action acts by automorphisms of K. Since K is finite and acts faithfully on M,
Ho¨lder’s Theorem implies that K is abelian. Moreover, some positive power of
each generator of H acts by the identity on K, so that we may assume K is central.
Theorem 8.1 now follows immediately from Theorem 1.4 and the following lemma:
Lemma 8.3. Let H be a group and K be a finite subgroup of H such that we have
a central extension
1 Ñ K Ñ H Ñ ApP4q Ñ 1.
Then ApP4q embeds into H.
Proof. Label P4 as in Figure 2, and choose lifts tα, β, γ, δu of ta, b, c, du to H. We
have that rb, ds “ 1 in ApP4q, so that rβ, δs “ q P K in H. Suppose q has order
n. We then compute rβn, δs “ qn “ 1 in H. Thus, we may replace tα, β, γ, δu by
appropriate positive powers so that pairs which commute in the projection to ApP4q
will commute in H. It follows then that there is a homomorphism ApP4q Ñ H which
splits the surjection H Ñ ApP4q, whence it follows that H contains a subgroup
isomorphic to ApP4q. 
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Remark 8.4. In the proof of Lemma 8.3, it is immediate that the group xβ, δy is
nilpotent. The Plante–Thurston Theorem [32], [30, Theorem 4.2.3] states that ev-
ery nilpotent subgroup of Diff1`bv` pMq is abelian. Hence with an additional hypoth-
esis that H ď Diff1`bv` pMq, we deduce that rβ, δs “ rδ, αs “ rα, γs “ 1 and that
xα, β, γ, δy – ApP4q.
References
[1] Hyungryul Baik, Sang hyun Kim, and Thomas Koberda, Right-angled Artin subgroups of the
C8 diffeomorphism group of the real line, Israel J. Math. (to appear).
[2] Jason Behrstock, Bruce Kleiner, Yair Minsky, and Lee Mosher, Geometry and rigidity of map-
ping class groups, Geom. Topol. 16 (2012), no. 2, 781–888. MR2928983
[3] Martin R. Bridson and Karen Vogtmann, Homomorphisms from automorphism groups of free
groups, Bull. London Math. Soc. 35 (2003), no. 6, 785–792. MR2000025
[4] M. Burger and N. Monod, Bounded cohomology of lattices in higher rank Lie groups, J. Eur.
Math. Soc. (JEMS) 1 (1999), no. 2, 199–235. MR1694584 (2000g:57058a)
[5] Matt Clay, Christopher J. Leininger, and Dan Margalit, Abstract commensurators of right-
angled Artin groups and mapping class groups, Math. Res. Lett. 21 (2014), no. 3, 461–467.
MR3272023
[6] Matt T. Clay, Christopher J. Leininger, and Johanna Mangahas, The geometry of right-angled
Artin subgroups of mapping class groups, Groups Geom. Dyn. 6 (2012), no. 2, 249–278.
MR2914860
[7] D. G. Corneil, H. Lerchs, and L. Stewart Burlingham, Complement reducible graphs, Discrete
Appl. Math. 3 (1981), no. 3, 163–174. MR619603 (84d:05137)
[8] F. Dahmani, V. Guirardel, and D. Osin, Hyperbolically embedded subgroups and rotating fam-
ilies in groups acting on hyperbolic spaces, to appear in Memoirs of AMS (2011).
[9] Arnaud Denjoy, Sur les courbes de´finies par les e´quations diffe´rentielles, Advancement in
Math. 4 (1958), 161–187. MR0101369 (21 #180)
[10] Benson Farb, Some problems on mapping class groups and moduli space, Problems on map-
ping class groups and related topics, Proc. Sympos. Pure Math., vol. 74, Amer. Math. Soc.,
Providence, RI, 2006, pp. 11–55. MR2264130 (2007h:57018)
[11] Benson Farb and John Franks, Groups of homeomorphisms of one-manifolds, I: actions of
nonlinear groups, ArXiv Mathematics e-prints (2001).
[12] , Groups of homeomorphisms of one-manifolds. III. Nilpotent subgroups, Ergodic The-
ory Dynam. Systems 23 (2003), no. 5, 1467–1484. MR2018608 (2004k:58013)
[13] Benson Farb and Dan Margalit, A primer on mapping class groups, Princeton Mathematical
Series, vol. 49, Princeton University Press, Princeton, NJ, 2012. MR2850125 (2012h:57032)
[14] ´Etienne Ghys, Actions de re´seaux sur le cercle, Inventiones Math. 137 (1999), no. 1, 199–231.
MR1703323 (2000j:22014)
[15] , Groups acting on the circle, Enseign. Math. (2) 47 (2001), no. 3-4, 329–407.
MR1876932 (2003a:37032)
[16] Janusz Grabowski, Free subgroups of diffeomorphism groups, Fund. Math. 131 (1988), no. 2,
103–121. MR974661 (90b:58031)
[17] T. Haettel, Cocompactly cubulated Artin-Tits groups, ArXiv e-prints (2015).
[18] U. Hamenstaedt, Geometry of the mapping class groups III: Quasi-isometric rigidity, ArXiv
Mathematics e-prints (2005).
22 H. BAIK, S. KIM, AND T. KOBERDA
[19] J. Huang, K. Jankiewicz, and P. Przytycki, Cocompactly cubulated 2-dimensional Artin groups,
ArXiv e-prints (2015).
[20] Nikolai V. Ivanov, Subgroups of Teichmu¨ller modular groups, Translations of Mathematical
Monographs, vol. 115, American Mathematical Society, Providence, RI, 1992, Translated from
the Russian by E. J. F. Primrose and revised by the author. MR1195787
[21] Sang-hyun Kim and Thomas Koberda, Embedability between right-angled Artin groups,
Geom. Topol. 17 (2013), no. 1, 493–530. MR3039768
[22] , The geometry of the curve graph of a right-angled Artin group, Internat. J. Algebra
Comput. 24 (2014), no. 2, 121–169. MR3192368
[23] Thomas Koberda, Right-angled Artin groups and a generalized isomorphism problem for
finitely generated subgroups of mapping class groups, Geom. Funct. Anal. 22 (2012), no. 6,
1541–1590. MR3000498
[24] Thomas Koberda, Johanna Mangahas, and Sam J. Taylor, The geometry of purely loxodromic
subgroups of right-angled Artin groups, Trans. Amer. Math. Soc. (2016), To appear.
[25] Nancy Kopell, Commuting diffeomorphisms, Global Analysis (Proc. Sympos. Pure Math.,
Vol. XIV, Berkeley, Calif., 1968), Amer. Math. Soc., Providence, R.I., 1970, pp. 165–184.
MR0270396 (42 #5285)
[26] Vladimir Markovic, Realization of the mapping class group by homeomorphisms, Invent.
Math. 168 (2007), no. 3, 523–566. MR2299561 (2008c:57033)
[27] Andre´s Navas, Actions de groupes de Kazhdan sur le cercle, Ann. Sci. ´Ecole Norm. Sup. (4)
35 (2002), no. 5, 749–758. MR1951442 (2003j:58013)
[28] , Quelques nouveaux phe´nome`nes de rang 1 pour les groupes de diffe´omorphismes du
cercle, Comment. Math. Helv. 80 (2005), no. 2, 355–375. MR2142246
[29] , A finitely generated, locally indicable group with no faithful action by C1 diffeomor-
phisms of the interval, Geom. Topol. 14 (2010), no. 1, 573–584. MR2602845
[30] , Groups of circle diffeomorphisms, Spanish ed., Chicago Lectures in Mathematics,
University of Chicago Press, Chicago, IL, 2011. MR2809110
[31] Kamlesh Parwani, C1 actions on the mapping class groups on the circle, Algebr. Geom. Topol.
8 (2008), no. 2, 935–944. MR2443102 (2010c:37061)
[32] J. F. Plante and W. P. Thurston, Polynomial growth in holonomy groups of foliations, Comment.
Math. Helv. 51 (1976), no. 4, 567–584. MR0436167 (55 #9117)
[33] Cristo´bal Rivas, Left-orderings on free products of groups, J. Algebra 350 (2012), 318–329.
MR2859890 (2012j:20126)
[34] Dave Witte Morris, Arithmetic groups of higher Q-rank cannot act on 1-manifolds, Proc. Amer.
Math. Soc. 122 (1994), no. 2, 333–340. MR1198459 (95a:22014)
Mathematisches Institut, Universta¨t Bonn, 53115 Bonn, Germany
E-mail address: baik@math.uni-bonn.de
URL: http://www.math.uni-bonn.de/people/baik/
Department ofMathematical Sciences, Seoul National University, Seoul, Korea
E-mail address: s.kim@snu.ac.kr
URL: http://cayley.kr
Department ofMathematics, University of Virginia, Charlottesville, VA 22904-4137, USA
E-mail address: thomas.koberda@gmail.com
URL: http://faculty.virginia.edu/Koberda
